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Abstract 

We show that every polynomial overring of the ring Int(Z) of polynomials which 
are integer-valued over Z may be considered as the ring of polynomials which are 
integer-valued over some subset of Z, the profinite completion of Z with respect to the 
fundamental system of neighbourhoods of 0 consisting of all non-zero ideals of Z. 
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Introduction 

The classical ring of integer-valued polynomials, namely, 

Int(Z) = {/ G Q[X] I /(Z) C Z}, 

is known to be a 2-dimensional Priifer domain (see for instance [H §VI.l]). Thus, all the 
overrings of Int(Z), that is, rings between Int(Z) and its quotient field Q(V), are well- 
known a priori', they are intersections of localizations of Int(Z) at its prime ideals, which 
are themselves well-known valuation domains. However, the spectrum of Int(Z) turns out to 
be uncountable, so that, these intersections of localizations are not so easy to characterize. 
The aim of this paper is to classify the ‘polynomial overrings’ of Int(Z), that is, rings 
lying between Int(Z) and Q[V]. We first describe them as particular intersections of some 
families of valuation domains. Furthermore, we will see that the polynomial overrings of 
Int(Z) may be characterized as rings of polynomials which are integer-valued over some 
subset of Z or, more generally, of Z, the profinite completion of Z with respect to the 
fundamental system of neighbourhoods of 0 consisting of all non-zero ideals of Z. 
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1 Prime spectrum of Int(Z) and localizations 

We first recall the structure of the spectrum of Int(Z) [TJ Prop. V.2.7]. A non-zero prime 
ideal ^ of Int(Z) lies over a prime ideal of Z, and hence, there are two cases: 

• ip n Z = (0). Then *p is of the form 

ip = iPq = ( 7 (A)Q[A] n Int(Z), where q G Z[X] is irreducible. 

These ideals fPg have height 1 and the polynomial q is uniquely determined. 

• ^ n Z = pZ where p G P (we denote by P the set of prime numbers). Then fp is of 
the form 

ip = Tlp^a = {/ G Int(Z) I /(a) G pZp}, where a £ hp . 

These ideals Tlp^a are maximal ideals and the residue field of Tlp^a is isomorphic to Z/pZ. 
More precisely, 

Zp 3 a !-)• Tlp^a S Max(Int(Z)) 

is a one-to-one correspondence between Zp and the set of prime ideals of Int(Z) lying over 
p. [Recall that Zp, the ring of p-adic integers, is uncountable.] 

Moreover, given q irreducible in Z[A], p G P and a G Zp, the following holds [H Prop. 
V.2.5]: 

C Tlp^a q{a) = 0 . (1.1) 

Consequently, given an irreducible polynomial q G Z[A], for a fixed prime p, there are at 
most finitely many ideals 9Jtp,a containing ip^; on the other hand, it is known that there 
exist infinitely many primes p such that q{X) has a root a in Zp, that is, iPg is contained 
in infinitely many fUlp^a’s [U Prop. V.2.8]. In particular, the prime ideals are not 
maximal. From equivalence (II.ip . it follows also that the height of Oltp^Q, is 1 if and only if 
a is transcendental over Q, it is 2 otherwise. 

We now describe the localizations of Int(Z) with respect to these prime ideals (see for 
example [U Prop. VI.1.9]). They are the following valuation domains of the field Q(A): 

. Int(Z)<p^ = Q[A](g) = G Q(X) \q\g]. 

• Int(Z)OTp^^ = Vp^a = Q(A) I <p(a) G Zp} , 

Consequently, Int(Z) is a Priifer domain. Moreover, 

C Q[A](g) «Pg C Tip,a ^ q{a) = 0 . (1.2) 

We are interested in the representation of Int(Z) as an intersection of valuation over¬ 
rings. For this purpose, we have to make some choices. First, we may represent Int(Z) as 
the intersection of all of its valuation overrings: 

Int(Z) = n «i^i(,) n n n 

gePirr(Z) pGPaGZp 
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where Virr{'^) denotes the set of irreducible polynomials of Z[X]. We may look for a 
more optimal representation of Int(Z). To begin with, we may discard from the above 
representation the valuation domains which are not minimal valuation overrings of Int(Z), 
or, equivalently, the valuation domains which does not correspond to maximal ideals of 
Int(Z) because Int(Z) is a Priifer domain: 

Int(Z) = f| f| . (1.3) 

peP oGZp 

The above intersection in (11.31) is uncountable and it is far from being irredundant. Recall 
that, given a domain D with quotient held K, and a family of valuation overrings A = {Vx} 
of D (that is, D Vx C K) such that D = Vx, the representation D = Vx is said 
irredundant if no Vx is superhuous, that is, for each A, D is strictly contained in the 
intersection of the member of A distinct from Vx ([£]). For the domain Int(Z), there are 
suitable countable intersections as shown, for instance, by the following equality: 

int(z)=n n • (1-^) 

pGP «ez 

The fact that every rational function on the right-hand side of equality ()1.4I) . that is, that 
every ip € Q(A1) such that (p(Z,) C Z is a polynomial follows from the observation that a 
rational function which takes integral values on inhnitely many integers is a polynomial 
(see [T2l VIII.2 (93)] or [U Prop. X.l.lj). 

So, every Vp^a, a € Zp \ Z, p G F, in the representation (II.3p is superfluous; actually, 
we will show that, for each p G P and a G Zp, every Vp^a in the above representation is 
superfluous (Corollary I4.4jl . However, there is no irredundant representation of Int(Z) as 
an intersection of valuation overrings because there is no subset of Z which is minimal 
among the subsets of Z which are dense in Z for every p-adic topology (see Corollary 13.51 
and Remark 15.21) . Thus, in the sequel, the only representations that we will consider as 
‘canonical’ will be the intersections of all the minimal valuation overrings as in (jl.3p . 

After some generalities about the overrings of Int(Z) in Section 2, we consider the rep¬ 
resentations of the overrings of Int(Z^p^), where p is a fixed prime number and Z^pj denotes 
the localization of Z at pZ in Section 3, as intersections of valuation domains (Proposition 
13.3p and then, as rings of integer-valued polynomials on a subset of Zp (Theorem [3TT]) ; in 
particular, we show that there is a one-to-one correspondence between the set of polyno¬ 
mial overrings of Int(Z(p)) and the closed subsets of Zp. In order to globalize these results, 
we study in Section 4 the valuation overrings of an intersection of valuation domains, 
characterizing those which are superfluous ICorollarv 14.41 and Theorem 14.6p . Finally, the 
polynomial overrings of Int(Z) are described in Section 5 by their representations as inter¬ 
section of valuation overrings (Proposition 15.ip , and in Section 6 with an interpretation as 
integer-valued polynomials on a subset of the ring Z (Theorem 16.2p . 
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2 Generalities about overrings of Int(Z) 

We are interested in rings R which are overrings of Int(Z), that is, 

Int(Z) CRC Q(X), (2.1) 

and, in particular, by the polynomial overrings of Int(Z), that is, the rings R which are 
contained in Q[X]. 

Since Int(Z) is a Priifer domain, we first recall the following fundamental result of [3] 
(see also O Theorem 26.1]) concerning overrings D' of a Priifer domain H, that is, rings 
D' such that D C D’ C K where K denotes the quotient field of D. 

Proposition 2.1. Let D' he an overring of a Priifer domain D, and let Sd' he the set of 
prime ideals p of D such that pD' C Dh Then 

(z) If p' is a prime ideal of D' and p = p' Ci D, then Dp = H', and p' = pDp n D'. 
Therefore D' is Priifer. 

(ii) Ifp is a non-zero prime ideal of D, then p is inSo' if and only if Dp ^ D'. Moreover, 

o' = np«„,Op' 

{iii) Every ideal 3' of D' is an extended ideal, that is, 3' = {3' H D) D'. 

{iv) The spectrum of D' is {pD' \ p € Sd'}. 

In view of the previous proposition, we will use the following terminology: a prime 
ideal p of H is said to survive in D' if its extension pD' in D' is a proper ideal (that is, 
pD' C D', in which case pD' is a prime ideal of D' by the above result) and p is said to 
be lost in D' otherwise (that is, if pD' = D'). In particular, every overring D' of a Priifer 
domain D is equal to the intersection of the localizations of D at those prime ideals p of 
D which survive in D'. 

Example 2.2. Clearly, 


Q[X]= f| Int(Z)qj, = f| Q[X](,), 

'jS'Pirr q&Viii 

where Vur = 'Pirr(^) is the set of irreducible polynomials in Z[X]. By [6l Remark 1.12], 
this representation of Q[X] is irredundant, since Q[X] is a Dedekind domain and the set 
of maximal ideals of Q[^] is in one-to-one correspondence with Pirr, namely Vm 3 q 
q{Xn[X]. 

Consequently, for a polynomial overring R, each prime ideal of Int(Z) must survive 
in R since it survives in Q[X], and we have 

^gR = q{X)Q[X]nR. 
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Since we want to describe explicitly R in terms of those prime ideals of the spectrum of 
Int(Z) which survive in R, we are mostly interested in the other prime ideals, those lying 
over a prime. They are called unitary prime ideals because they contain nonzero constants. 

The following result of Gilmer and Heinzer is of fundamental importance in order 
to decide whether an ideal p of Int(Z) survives or not in some intersection of valuation 
overrings of Int(Z). 

Proposition 2.3. ([U Prop. 1.4]) Let D be a Priifer domain and let {p} U {pajoeA 
a family of prime ideals of D. Then Dp D flaeA*/ only if, for every finitely 

generated ideal 3 Tp, there exists a G A such that Di C p„. 

Corollary 2.4. If Dp is not a minimal valuation overring of the Priifer domain D, then 
Dp is superfluous in each representation of D as an intersection of valuation overings in 
which Dp appears. 

Proof. (See also [U Lemma 1.6].) Let flogA ^pa^e any representation of D, let ao € A, and 
assume that Dp^^ is not a superfluous element in this representation. By Proposition 12.31 
there exists a finitely generated ideal 3 C p^^ such that 3 ^ pa for every a G A \ {oo}- 
Let m be a maximal ideal of D containing pQ,p and let x be any element of m. Since 
D = (laeA Dp^ and 3 + {x) % p^ for a oq, necessarily 3 + (x) C p^^. Finally, peg = m 
is maximal, which is equivalent to the fact that Dp^ is a minimal valuation overring of 
D. □ 

Remarks 2.5. (1) The converse of the previous corollary may be false: there are minimal 
valuation overrings which may be superfluous (cf. Example 14.71 below). 

(2) We have to take care that there is another notion of minimality which depends on 
the representation that we consider: a valuation domain which is minimal with respect 
to the elements of some representation of D is not necessarily minimal with respect to 
another representation (and in particular, with respect to all the valuation overrings of 
D). For instance, let p G P, G Z (n > 0) and q G Pirr(Z) such that g(ao) = 0 and 
hm„_^+oo Vp{an — ao) = +oo. Let Vq = Q[X](g). Then, we have: 

D = {fIn>cMp,ari) G Vq = f3n>0^p,an ~ Hn>cfllp,an ~ (Gn>oVp,Q!„) H V^ . 

The first equality follows from the fact that Vq D Vp^aq a'lid the second equality from the 
fact that ao = limn_).oo a^ in Zp (see Lemma 14.Ij) . The valuation domain Vq is not minimal 
with respect to the elements of the hrst representation, while it is for the last one. 

(3) Obviously, a valuation domain which is not minimal with respect to some repre¬ 
sentation is superfluous for this representation, but Corollary 12.41 savs something stronger 
since a minimal valuation overring of D which appears in some representation of D is a 
fortiori minimal for this representation. In the last representation of D given in (12.2p . Vq 
is superfluous although it is minimal for this representation, but we could be sure that it is 
superfluous because it is not a minimal overring of D as shown by the first representation. 
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Thus, we emphasize that when we speak of a minimal valuation overring of D it is 
always a valuation domain which is minimal with respect to the family of all the valuation 
overrings of D. 

Another important example is the localization of Int(Z) with respect to a prime p G Z. 
Example 2.6. For every fixed prime p, we have 

Int (Z(p)) = Int(Z)(p) 

where Int(Z)(p) is the localization of the Z-module Int(Z) at pZ, namely, Int(Z)(-p) = 

I / £ Int(Z), s € Z \pz| (see [U Thm 1.2.3]). Consequently, the prime ideals of 
Int(Z) which survive in Int(Z(p)) are the non-unitary ideals and the unitary ideals 
lying over the prime p. By a slight abuse of notation, we still denote the corresponding 
extended ideals in Int(Z(p)) by iPg and Tlp^a, respectively. Then we have: 

Int(Z(p))= f| Q[X](,)n fl Fp,„= f| Q[X](,)nf|Fp,„. 

Q^'Pirr 

But, in this local case, an ideal ^g may be maximal in Int(Z(-p)) : is maximal if and only 

if q{X) has no root in Zp ([U Prop. V.2.5]). Therefore, if denotes the set of irreducible 
polynomials over Z which have no roots in Zp, we have the following representation of 
Int(Z(p)) as the intersection of all its minimal valuation overrings (which correspond to the 
maximal ideals of Int(Z(-p)) ): 

Int(Z(p)) = Q[X](g) n Vp^a ■ (2-3) 

qevt 

z 

Remark 2.7. It is not difficult to see that is non-empty: let g € Zp[A'] be a monic 
irreducible polynomial of degree d >2. By a corollary of Krasner’s lemma (see for instance 
[H Chapter V, Proposition 5.9]), every monic polynomial q G Zp[X] of degree d which is 
sufficiently close to g{X) with respect to the p-adic valuation is also irreducible over Zp[X]. 
Clearly, we may choose such a polynomial q{X) with coefficients in Z. Then, in particular, 
q{X) is irreducible in Z[A] and has no roots in Zp. 

If we localize each ring of (2.1) at p (that is, with respect to the multiplicative set 
Z \pZ), since Int(Z) is well-behaved under localization as seen in Example 12.61 we get 

Int(Z(p)) C R(p) C Q(A) (2.4) 

where R(p) = | / G R, n G Z\pZ}. If ii is a polynomial overring of Int(Z), then i?(p) 

is a polynomial overring of Int(Z(p)), that is, R(p) C Q[X]. Clearly, we have 

R=f] i?(p) (2.5) 

pGP 
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Hence, in order to make our work easier, we fix a prime p and we continue our discussion 
for an overring R of Int(Z(p)). 


3 Polynomial overrings of Int (Z(p)) 

In this section, p denotes a fixed prime number and we consider overrings of Int(Z(p)) that 
is, rings R such that 

Int (Z(p)) CRC Q{X). 

Notation. For every overring R of Int(Z(-p)), we consider the following subsets: 

1. A subset of the ring Zp of p-adic integers 

Zp{R) = {a € Zp I Tlp^aR £ R} (3.1) 

2. For every a € Zp which is not the pole of some element of R, the following subring 
of the field Qp of p-adic numbers 

R{a) = {f{a)\feR}CQp. 

Note that Zp{R) indexes the set of maximal unitary ideals of Int(Z(p)) which survive in 
R under extension, and that R{q) is always defined for polynomial overrings of Int(Z(p)). 
For instance, if i? = Int(Z(p)), then Zp{R) = Zp and, for every a G Zp{R) flQ, R{a) = Z(p), 
since Z(p)[A] C i?(p) and R{a) C Zp n Q. The following easy proposition characterizes the 
set Zp{R) for any overring R. 

Proposition 3.1. Let R be an overring o/Int(Z(p)) and a G Zp. Then 

a G Zp[R) 4^ R ^ ^p,a R{oi) C Zp. (3-2) 

Moreover, the subset Zp{R) is closed in Zp for the p-adic topology. 

Proof. The hrst equivalence follows from Proposition 12.11 The second equivalence is 
straightforward from the definitions of Vp^a and R{a). Concerning the last assertion, note 
that, for each / G i?, by continuity of /, the subset {a G Zp | /(a) G Zp} is closed in Zp. 
Then, we just have to remark that: 

Zp{R) = fl/gi? {(x & Tip \ f{a) G Zp}. 

□ 

Corollary 3.2. Under extension, a prime ideal fPg o/Int(Z(p)) is maximal in R if and 
only if q{X) has no roots in Zp{R). 

Proof. If iPq does not become maximal in R under extension, then ^qR is strictly contained 
is some prime ideal O of R. By ProDosition l2.ll £2 must be equal to the extension of some 
prime ideal of Int(Z(p)), which must be a maximal ideal DJlp^a containing or equivalently, 
yp,a U In particular, a G Zp{R) and q{a) = 0, by (jl.2p . The converse is clear. □ 
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3.1 Polynomial overrings of Int as intersections of valuation do¬ 

mains 

Now we consider different representations of a polynomial overring R as intersections of 
valuation overrings of Int(Z(p)). 

Proposition 3.3. Let p be a prime and let R be any polynomial overring o/Int(Z(p)). We 
have the following representations of R as an intersection of valuation overrings. 

(i) The intersection of all the valuation overrings: 

f| Q[X](,) n f| (3.3) 

gGPirr (y.^Zp(R) 

where V\rr denotes the set of irreducible polynomials of Tj[X], and Zp{R) is defined 
by Zp{R) = {a £ Tjp \ Tlp^aR R}- 

(ii) The intersection of all the minimal valuation overrings: 

R= f| Q[X](,) n fl (3.4) 

a£Zp(R) 

^ r irr 

where denotes the subset of V\rr formed by those polynomials which have no 

roots in Zp{R). 

{in) For every V C V\rr and every E C Zp{R), the following intersection of valuation 
overrings of R: 

Rv,E = n n n 

geV aeE 

is equal to R if and only ifVf2 and E is p-adically dense in Zp{R). 

Proof. Example 12.21 and equivalences (|3.2I) show clearly that the valuation overrings of R 
are exactly those which appear in the right-hand side of equality (13.3p . The equality follows 
from the fact that R is an overring of a Priifer domain, and hence, it is a Priifer domain, 
equal to the intersection of all its valuation overrings. Thus, (i) is proved. 

The minimal valuation overrings of R correspond to the valuation overrings whose 
center is a maximal ideal of R. Assertion (ii) is then a consequence of Corollary 13.21 

By equality (13.3h . R is contained in any ring of the form Rp^E- By continuity of the 
rational functions, if /3 G Zp is the limit of a sequence {an\n>o of elements of E, then Vp^p D 
rinGN^-ctn ^ riaG eVpp- As a consequence, if E is dense in Zp{R), then = 

C\a£Zp{R) hence, once more by equality (|3.4I) . Rp^E = R- 

Let us prove now the converse assertion of {Hi). Assume first that V Then, 

there exists r G \ V without any root in Zp{R). Let m = sup{up(r(a)) | a G Zp{R)}. 


Since Zp{R) is closed, m is finite since otherwise there would exists a sequence {an}n>o 
of elements of Zp{R) such that Vp(r(an)) > n, and by compactness of Zp{R), there would 
exist a subsequence which converges to an element /3, which then would be a root of 
r{X) in Zp{R). Consider now the rational function ip{X) = For every a € Zp{R), 

Vp{r{a)) < m, and hence, ip G Vp^a- Consequently, p G flgeP Fl PlaGZpli?) 

while clearly ip ^ Thus, R C Rp^E- 

Assume now that E is not p-adically dense in Zp{R). It remains to prove that again 
we have a strict containment: R C Rp^E- For this, it is enough to prove that: 

( n F ( n ={fix)eq[x]\fiE)cZp}. 

^ ^irr J G -E / 

This strict containment is a clear consequence of Proposition 13. lOl below. □ 

Remark 3.4. By Remark 12.71 and by the fact that C for each overring R of 

Int(Z(p)), it follows that is always non-empty. Note though, that the complement 

of may be empty, for example if Zp{R) is formed by elements of Zp which are 

transcendental over Q. 

As for Int(Z) or for Int (Z(p)), an overring R does not have in general an irredundant 
representation as intersection of valuation overrings. There does exist an irredundant 
representation in some particular cases, as the next result shows. 

Corollary 3.5. A polynomial overring R o/Int(Z(p)) admits an irredundant representation 
if and only if Zp{R) contains a p-adically dense subset E formed by isolated points. 

Proof. Assume that Rp^e is an irredundant representation of R. By Proposition \?i.?X iiii). 

V = and E is dense in Zp{R). Moreover, for each ao £ E, R = Rp^E Si Rp,E\{ao}^ 

thus the topological closure of Pl\{ao} is strictly contained in that of E, which means that 
oo is isolated in E. The reverse implication is obvious still by Proposition I3.3l f?if ). □ 

For instance, we can consider E to be equal to the set of distinct elements of a convergent 
sequence {an}n>o with limit a, so that Zp{R) = EU {a}. 

3.2 Polynomial overrings of Int as integer-valned polynomials rings 

Contrarily to equality (|3.4I) . equality (13.3p shows that a polynomial overring R depends only 
on Zp{R). In order to describe how a polynomial overring R of Int(Z(p)) is characterized 
by its associated set Zp{R), we recall the following definition (for example, see [TOl [TT| h 
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Definition 3.6. For every subset E oi hp, the ring formed by the polynomials of Q[X] 
whose values on E are p-integers is denoted by: 

lntQ{E,Zp) = {/ € Q[X] I f{E) C Zpj. 

In particular, for E = Zp, we set IntQ(Zp) = IntQ(Zp,Zp). 

By definition (or by convention) we set IntQ(0,Zp) = Q[X] (after all, any polynomial 
is integer-valued over the empty-set). Note also that IntQ(E,Zp) = Q[X] n Int(E,Zp) 
where Int(£',Zp) = {/ € | f(E) C Zp}. The following equality follows from a 

continuity-density argument: 

Int(Z(p)) = IntQ(Zp) (3.6) 

Proposition 3.7. Let R be a polynomial overring o/Int(Z(p)) and let Zp{R) = {a G Zp | 
'^p,aR £ R}- Then 

R = lntQ{Zp{R),Zp). 

Proof. The containment R C lntQ{Zp(R),Zp) follows from Proposition 13.11 a G Zp{R) if 
and only R{a) C Zp. Thus, we have the chain of inclusions: 

Int(Z(p)) C i? C IntQ(Zp(i?),Zp) C Q[X] . 

In order to prove the converse containment, it is sufficient to show that each prime ideal of 
Int(Z(p)) which survives in R also survives in IntQ(Zp(i?),Zp). In fact, since we are dealing 
with Priifer domains, if a prime ideal of Int(Z(p)) is such that ^R C i?, then ^R is a 
prime ideal of R and these extensions comprise the whole spectrum of R by Proposition 12.11 
iv). We then nse the well-known fact that an integral domain is equal to the intersection 
of the localizations at its own prime ideals. 

For what we have already said, all the prime non-unitary ideals survive in both rings 
since they survive in Q[X]. Let SOlp^o be a maximal unitary ideal which survives in R. 
By definition of Zp{R), a G Zp{R). Now, Tlp^a survives in IntQ(Zp(i?), Zp) if and only if 
IntQ(Zp(ii), Zp) is contained in Vp^a, that is, each polynomial of IntQ(Zp(i?), Zp) is integer¬ 
valued on a. Since a G Zp{R), the conclusion follows. □ 

In particular, from Proposition 13.71 we have a complete characterization of the family 
TZp of polynomial overrings of Int(Z(p)) : 

Corollary 3.8. If E{Zp) denote the family of closed subsets ofZp, then 

TZp = {IntQ(F, Zp) I E G .F(Zp)} . 

Proposition 13.71 savs how R is characterized by the closed snbset Zp{R) C Zp. In order 
to prove that for different closed subsets of Zp we get different polynomial overrings of 
Int(Z(-p)), we recall the notion of polynomial closure introduced by Gilmer [5] and McQuil¬ 
lan [8]. 
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Definition 3.9. For any subset E "Lp {E is not necessarily closed), the p-polynomial 
closure of E is the largest subset E of Zp (containing E) such that 

IntQ(-E, Zp) = IntQ(F^, Zp). 


Equivalently, 

E = {a eZp\ lntQ{E,Zp){a) C Zp} = {a G Zp | IntQ(i?, Zp) C Vp^a} = Zp{lntQ{E,Zp)), 
where the last equality follows by Proposition 13.11 

Proposition 3.10. For any subset E C Zp, the following subsets are equal: 

{i) the p-polynomial closure of E, 

(ii) the p-adic topological closure of E, 

(Hi) Zp(IntQ(£', Zp)). 

For the equivalence between the polynomial closure and the topological closure see for 
instance [H Thm IV.1.15]. The next theorem shows that the closed subsets of Zp are in 
one-to-one correspondence with the polynomial overrings of Int(Z(p)). 

Theorem 3.11. Let TZp be the set of polynomial overrings o/Int(Z(p)) and let J-ifLpf) be 
the family of closed subsets ofLp. The following maps which reverse the containments are 
inverse to each other: 

(fp : TZp 3 12 I—)• Zp{R) G F{T,p) and ifp : TifLp) 3 F IntQ(F, Zp) G TZp 

Proof By Proposition 13.71 fjpOipp = idTi^. Now we consider (ppOifp : for every F G J^(Zp), 
one has ipp{ifp{F)) = Zp(Int(F, Zp)) = {a G Zp | V/ G Int(F, Zp) f{a) G Zp} = F by 
Proposition 13.101 since F is assumed to be closed. Consequently, (fpO ifp = idjr(^^y □ 

We end this section with the characterization of minimal ring extensions of the family 
TZp. Recall that Ri E R 2 £ TZp forms a minimal ring extension if there is no ring in between 
12i and 122 • 

Proposition 3.12. Let R = Int(Q(F, Zp) where F = Zp{R) is a closed subset ofZp. There 
is a bijection between the minimal ring extensions of R in TZp and the subset Fq formed by 
the isolated points of F, which is given by: 

FqB IntQ(F \ {a}, Zp) 

We stress that we are interested only in polynomial ring extensions of R, that is, elements 
of the family TZp. Note that the proposition says that R has no minimal ring extension in 
TZp if and only if Zp{R) has no isolated points. 
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Proof. Let S G TZp be a proper extension of R. Then, by Theorem 13.111 S = IntQ(Li, Zp) 
where E = Zp{S) is a closed subset strictly contained in F. For every a £ F \ E, the 
subset E U {a} is closed and the ring T = Int(Q(Fl U {a},Zp) satisfies R E T C S since 
E C E U {a} C F. 

Therefore, the extension R C S is minimal if and only if there is no closed subset G 
such that E C G E F. Consequently, if the extension R <£ S is minimal, then necessarily 
F = E U {a}. The fact that E is closed in FI U {a} = F implies that a is isolated in 
F. Conversely, if a G -F is isolated in F, then F \ {a} is closed in F and clearly there is 
no closed subset G properly lying between F \ {a} and F. Thus, we may conclude that 
S' is a minimal extension of R if and only if S = IntQ(F \ {a},Zp) where a G F is an 
isolated point. If a a' are two distinct isolated points of F, then by Theorem 13.111 the 
corresponding minimal ring extensions of R are distinct, because F \ {a} 7 ^ F \ {a'}. □ 

4 Valuation overrings of an intersection of valuation do¬ 
mains 

The aim of this section is to characterize whether a valuation overring of Int(Z) as de¬ 
scribed in section [1] contains a given intersection of valuation overrings of Int(Z). We will 
apply the obtained results to describe the representations of every polynomial overring of 
Int(Z) as intersections of valuation domains. In order to do this, we will use extensively 
Proposition 12.31 To ease the notation, we set Vq = Q[X](g), for q G Fm- Moreover, since 
now we are going to consider arbitrary intersections of unitary valuation domains for dif¬ 
ferent p G P, we generalize the notation R-p^ Ep used in formula (l,'I.5p in the following way: 
if F C Firr and if, for each p G P, Fp C Zp, then we set 

-R-p, {Ep)p^f, = n n n 

ggP pgP a&Ep 

If the subset Ep of Zp is empty for some p G P, then the corresponding intersection 
riogE ^p,a is set to be equal to Q(X). We consider a similar convention for the set of 
non-unitary valuation overrings Iq if F = 0. In particular, if Ep is empty for all p G P 
except po, then the intersection corresponds to the ring Rp^Epq- 

We want to determine which are the valuation overrings of a ring R'p,{Ep)p^r as above. 
We distinguish the case of a unitary valuation overring Vp^a (whose center is a unitary prime 
ideal of Int(Z)) from a non-unitary valuation overring Vq (whose center is non-unitary). 

4.1 Unitary valuation overrings 

We begin to determine unitary valuation overrings of an arbitary intersection of Vp^a for a 
fixed prime p, and possibly some non-unitary valuation domains Ig’s. We remark first that, 
given a subset F of Zp, if Vp^^aq is an overring of r\aeEyp,a, where po G P and oq & ^po) then 
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Po = p. In fact, if that were not true, then which is in flagEl^^Q, would also belongs to 
1^0,ao) which is a contradiction. Therefore, we can just consider valuation overrings which 
lie above the same prime p. 

The next result is an obvious consequence of Proposition 13.101 (see also [3 Lemma 26]; 
although Section 5 of [7| is entitled ‘Overrings of Int(Z)’, the author’s point of view is quite 
different from ours). 


Lemma 4.1. Let p € E C Xp, V ^ V^rr o,nd ao G Zp. The following assertions are 
equivalent: 

(i) ^ ? 

(ii) IntQ(ii', Zp) C Vp^ao ) 

(Hi) ao belongs to the topological closure E of E in TLp. 

In particular, Rp^e = ^p{Rp,E) = E. 

Proof, (i) —>■ (ii): IntQ(£', Zp) is contained in Rp^p- 

(ii) -H- {in): {ii) means that, for every / G IntQ(Ll,Zp), /(ao) G Zp, that is, ao belongs 
to the p-polynomial closure of E, thus we may conclude with Proposition 13.101 

{ii) —(i): Assume that Vp^ao is an overring of i? = IntQ(Ll, Zp). We use Proposition [2]3] 
to get the claim. Let / C i? be a finitely generated ideal contained in Tlp^ao and let J = 
I + {p). Since J is not contained in any non-unitary prime ideal of R, then it follows from 
(I3.4jl that J is contained in some unitary prime ideal iMp^a of R where a E. In particular, 
I is contained in this ideal 5Jtp,o and we conclude that lp,«o — flagE 3 Rp,E- 

The last claims follow immediately. □ 


Lemma 4.2. For each p £¥, let Ep Tip. Let po £ IP ao G Zpp. Then 


0 0 ^ ^popo ^pop Z V) 


POPO 


peP aeEp 


a€E. 


'PO 


Proof. One implication is obvious. Conversely, assume that I4>o,«o is an overring of the 
intersection flpePnaeB ^pp- Lot / be a finitely generated ideal contained in 91Tpo,oo and 
let J = / + (po)- Since for all p 7^ Po and for all a G Lip, we have J ^ 9?tp,a, it follows 
that J Z OKpp^a for some a G Ep^. In particular, I Z Tlp^^a- By Proposition 12.31 we may 
conclude. □ 


Both previous lemmas lead to the following proposition. 

Proposition 4.3. For each p G P, let Ep Z Zp. Let po G P, let ao G Zp, and let V he any 
subset ofVirr- Then the following conditions are equivalent: 

(*) npepflogEp ^pp ^ ^popo- 
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(*') Rv,{Ep)p^p C 1^po.«o- 
(**) Hae-Epo ^0,0 C 1^0,ao- 

(m') -Rp.EpQ c T^po,«o- 

{in) ao is in the topological closure of Ep^ in Zp^. 


Corollary 4.4. Let V C Pjj-r and, for each p G P, /ei -Ep C Zp. T/ien, l^o,ao 'where po ^ P 
and oo £ is not a superfluous valuation overring of R-p (_Ep)pgp */ onZy i/ oq is an 
isolated point of Ep^. 

Proof 1^0,00 i® ^ superfluous valuation overring of R'PdEp)^^^ inter¬ 

section of the valuation domains of the family {Vq\q € T’}D{Vp^a\o( G Ep,p G P}\{i4)o,«o} 
not contained in l^o,«o- Proposition l4.3l this condition is equivalent to oq ^ Ep^ \ {oq}, 
that is, ao is an isolated point of Ep^. □ 


4.2 Non-unitary valuation overrings 

Now we consider the case of a non-unitary valuation domain Vg = Q[X](g), q G "Pirr, 
containing an arbitrary intersection of unitary and non-unitary valuation domains. 

Lemma 4.5. Let V C Pirr o,nd q^ G Pirr- Then 

Vq E Vqg 44 (7o G P 

q&V 


Proof One direction is obvious. Conversely, suppose Vqq is an overring of the intersection 
of the V^’s, g G P. If go ^ P) we have a contradiction since 


1 

— G 

go 


q&V 


and 


go 


□ 


Theorem 4.6. Let q G Pirr a'nd for each p £ F, let Ep C Zp be a {possibly empty) closed 
set of p-adic integers. Then 


n n Ip,a C Vq 44 3 (Op) G n Ep such that (^(ap)) = +00 

pGP a&Ep pGP pGP 


Note that the latter condition means that: either there exist p G P and Op G Fp such 
that g(ap) = 0, or there exist infinitely many primes pn G P and some Op^ G Tpn such that 
Vpflq{apfl)) > 1. Example 14.71 below shows that the latter condition can really occur. 
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Proof. Since = {qf € Int(Z) | / G Q[-^]} and Q[X] is countable, we may fix a sequence 
{fn}n>o of polynomials in Q[X] such that the gfn’s generate ^q. We also consider the set 


Pg = {p G P I dcKp G Fp such that q G Tlp^ap}- 


Assume first that there exists (op) G Ilpep-^p such that X^pgp ^p(9('^p)) = oo- If for 
some prime p and some a G Fp, q{a) = 0, then Vg D Vp^a, and hence, V"g D flpep flae-F Ip,“- 
Suppose that, for each p G P, q{X) has no roots in Fp. It follows that the set Pg is infinite. 
Let I C iPg be any finitely generated ideal. There exists n such that I C (qfi,... ,qfn)- 
Since, for almost all p G P, the polynomials /i,..., /„ are in Z(p)[X], there exists p G Pg 
such that fi,...,fn G Z(p)[X], and hence, for the above Op G Fp, Vp{q{ap)fj{ap)) > 
Vp{q{oip)) > 0, for 1 < j < n. Consequently, I C Tlp^ap, which shows by Proposition 12.31 
that V"g D flpgpriaeFp 

Conversely, assume that Pg = {pi,... ,ps} and rui = sup{up.(g(a)) | a G Fp.} < oo for 
i = 1,..., s q{a) 7 ^ 0, for each a G Fp., i = 1,..., s since Fp. is closed). Then, consider 
the rational function: 


n-pr 

q{x) 


piX) = 


For every p* G Pg and every ap. G Fp., Vp{q{ap^)) < rrii, and hence, p G Ipi.op,- For 
every p G P \ Pg and every Op G Fp, Vp{q{ap)) = 0, and hence, p G Vp^ap- Consequently, 
F € flpgpria.GF, Fp,ap, while clearly p ^ Vg. □ 


Example 4.7. This example shows that a minimal non-unitary valuation overring of some 
ring Rp^(Fp)pf,Tf can be superfluous. Let q{X) = X. Suppose iPg = [JneN^n where {In}n>o 
is an increasing sequence of ideals, each of them generated by Xfi{X),..., Xfn{X), for 
some fi G Q[A1]. Let pn be the n-th prime. For each n G N, there exists G N large 
enough such that In C ^XHp^ p^n, exactly by the same argument of the above proof. Then, 
by Proposition [231 Fg is an overring of flneN > ®’^en though, by ([Ol), Fp^,p“- 9^ Vg 

for each n G N. Hence, Vg is a minimal overring of flnsN Fq which is superfluous. 

Or, if we want to consider integer-valued polynomials, let E = UneN{Pn"}) then we have 

Int(F,Z) = n n n n '' p . a - 

q e Pirr pGP n G N 

where the minimal valuation overring Vx of Int(F,Z) is superfluous. 


Remarks 4.8. Let V C Firr, qo G Phr, and, for each p G P, let Fp be a closed subset of Zp. 

(1) Theorem 14.61 mav be generalized to an arbitrary intersection of unitary and non¬ 
unitary valuation domains: 

Fp,{Fp)pew V Vqg ^ either go e F or 3 (op) G n Fp such that (go(ap)) = Too 

pGP pGP 
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In fact, if Vqf^ is an overring of R'p,{Fp)p^v and there is no (op) G HpeP-^p such that 
EpgP^p(9o(ap)) = + 00 , then, by Theorem Vq^ is not an overring of npGpHaGFp ^p,a- 
Hence, by the techniques of Proposition [231 is easily seen to be an overring of flgGP 
and so, by Lemma 14.51 go S P, as wanted. Conversely, by Theorem 14.61 each condition on 
the right-hand side implies that Vq^ is an overring of R'p,{Fp)p^r- 

(2) If Fp is an empty set for all but finitely many primes {pi,... ,pn} (for example, 
overrings R'p,Fp of Int(Z(p))), then Vq is an overring of R'p,{Fp)p^w i^ i^ 9(^) i^as 

a root is some Fp^, z = 1,..., n, or g G P. Therefore, a minimal non-unitary valuation 
overring Vq of R'p^(^Fp )i^i „ is not superfluous. 

5 Polynomial overrings of Int (Z) as intersections of valuation 
domains 

We consider now a polynomial overring R of Int(Z). Analogously to the previous case of 
overrings of Int(Z(p)) we consider the subset Zp{R). 

Notation. For every ring R such that Int(Z) F R Q Q[A] and every p G P, let Zp{R) be 
the following subset of Zp : 

Zp{R) = {a G Zp I 9JIp,ai? C R} . (5.1) 

We already introduced Zp{R) in (j3.ip for polynomial overrings of Int(Z(p)). Fortunately 
both notations agree to each other since clearly Zp{R) = Zp{R(^p-j) : 

a G Zp{R) 44 i? C Vp^a ^ R{p) F Vp^a 44 a G Zp{R(j,'^). (5.2) 

Analogously to Proposition 13.31 we consider now the representations of R as an inter¬ 
section of valuation overrings. 

Proposition 5.1. Let R he any polynomial overring of Int(Z). ITe have the following 
representations of R as an intersection of valuation overrings. 

(i) The intersection of all the valuation overrings: 

n n n n (5-3) 

q^Virr P6P aeZp{R) 

(ii) The intersection of all the minimal valuation overrings: 

R= f| Q[A](,) n f| f| Fp,„ (5.4) 

peP «eZp(K) 

^ ^ irr 

where denotes the set of irreducible polynomials of Z[A] which have no roots 

in Zp{R) whatever p G P. 
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{Hi) For every V C Virr and every Ep C Zp{R) {p G P), the following intersection of 
valuation overrings of R 

Rv,(Ep)^^^= n Q[-’^](g) ^ n n 

q&V pgp aeEp 


is equal to R if and only if 

(а) V 5 where is formed by the irreducible polynomials q o/Z[X] such 

that, for every p G P, g has no root in Zp{R), and there do not exist two infinite 
sequences {pj}j^fq and {ajjjgN where pi G P, a.j G Zp.{R), and Vp^{q{aj)) > 0, 

(б) for every p gF, Ep is p-adically dense in Zp{R). 

Proof. Formula (j5.3l) is clearly a consequence of ProDosition l3.3l fil. Analogously to Formula 
(|3.4p , Formula (15.4|) follows from the globalization of Corollary 13.21 a prime ideal of 
Int(Z) is maximal in R if and only if, for each p G P, q{X) has no roots in Zp{R). 

It remains to prove assertion (iii). If (a) and (b) hold then, by Proposition 14.31 and 

Theorem 14.61 the right-hand side of Formula (15.51) is equal to the right-hand side of For¬ 

mula (j5.3p . and hence to R. 

Assume now that (a) does not hold: there exists r G \ V. Since Ep C Zp{R) for 

every p gF and r ^ "P, it follows from Theorem 14.61 that 14 = Q[A](r) ^ Rv,{Ep)p^r'^ br 
particular, Q[X] 2 RvdEp)p&^ and hence, R C Rv^[Ep)p^r- 

Finally, assume that (b) does not hold: there is some po £ IP such that Ep^ is not 

Po-adically dense in Zpq{R), in other words, there is some ao G Zpq{R) which is not in 

the topological closure of Ep^. By Proposition 14.31 flpePnasEp C Q[A] ^ and 

hence, once more, R C Rp,{Ep)p<=p- □ 

Remark 5.2. We can generalize Corollary 13.51 to overrings of Int(Z) in the following way: 
a polynomial overring R of Int(Z) admits an irredundant representation if and only if, for 
each p G P, Zp{R) contains a p-adically dense subset formed by isolated points. 

6 Polynomial overrings of Int (Z) as integer-valued polyno- 
mial rings over subsets of Z 

In this section we give another point of view about polynomial overrings R of Int(Z), in 
order to represent them as rings of integer-valued polynomials. We know that R = (~lpgpii(p) 
and that ii(p) = IntQ(Zp(i?), Zp). Consequently, R is equal to an intersection of different 
integer-valued polynomial rings as p runs through the set of prime numbers: 

R = Pi IntQ(Zp(R),Zp). (6.1) 

pGP 
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However, it seems to be more convenient to consider all the p-adic completions Zp at the 
same time. Classically, the way to do that is via the ring of finite adeles Af{Q) (‘finite’ 
refers to the fact we forget the Archimedean absolute value). A finite adele is an element 
a = {ap)p of the product HpepQp such that for all but finitely many p’s, Up belongs to Zp 
(for instance, see [U Section 6.2, p. 286]). 

Note that Q embeds diagonally into npGP*^p image is in Af{Q), actually Q 

embeds into the group of units of Af{Q) : recall that this group, denoted by If{Q) and 
called finite ideles, is formed by the elements a = {ap)p G HpeP*^? such that Vp{ap) = 0 
for all but hnitely many p. Given a = {ap)p G Af{Q) and / G Q[A], we have clearly 

/(a) = (/(«p))p e AfiO) C Qp, 

peP 

that is, every polynomial with rational coefficients maps an adele into an adele. For this 
reason, the ring of integer-valued polynomials over the ring of finite adeles is trivial: 

Q[A] = IntQiAfiQ)) = {/ G Q[X] \ f{a) G A/(Q), V« G Af{Q)}. 

However, note that Af{Q) contains as a subring the product H^gpZp, which is isomorphic 

to Z, the profinite completion of Z with respect to the fundamental system of neighbour¬ 
hoods of 0 consisting of all the non-zero ideals of Z. 

Given / G Q[A] and a G Af{Q), we say that / is integer-valued at a if f{a) = 
{f{ap))p G Z = YlpZp. Then, analogously to Dehnition 13.61 we introduce the following: 

Definition 6.1. For every subset E of Z, the ring of integer-valued polynomials on E is 

IntQ(^, Z) = {/ G Q[A] I /(a) G Z, Va G £}. 

Notation. For each polynomial overring R of Int(Z), we consider the following set of finite 
adeles: 

p p 

Clearly, = {{ap)p G Z | Tlp^opR C i?, Vp G P}. With the previous notation, Equal¬ 
ity ()6.ip may then be written: 

R = 5 (6-2) 

which means that every polynomial overring R of Int(Z) may be considered as the ring 
formed by polynomials which are integer-valued over a subset of Z. Note that, since for 
each p G P, Zp{R) is a closed subset of Zp, and hence, is compact, the subset is also 
compact in Z where Z = ]]][pgpZp is endowed with the product topology. The following 
theorem is the globalized version of Theorem 13.111 


18 




Theorem 6.2. Let TZ be the set of polynomial overrings of Int(Z) and let TifIL) be the 
family of compact subsets of 2, of the form flpep-^p where Fp is a closed subset ofLp. The 
following maps which reverse the containments are inverse to eaeh other: 

(f -.TZb Zp{R) G F{'L) and if : FifL) 9 F i->- Int(Q(F, 2) £ TZ. 

pGP 

Proof. By Equality (16.21) . ipoip = id-ji. Consider now ipo -. ioi every F = WpFp £ F{2p), 
one has = KintQ{F,Zp) — {ioip)p € Op^p I '^/ S Int(F, Z), Vp £ P, /(op) £ Zp} — 

{(Q:p)p £ Yip Zip I Int(F, Z) C Vp^ap,'^P £ P} which is equal to F by Proposition 14.31 □ 


Remark 6.3. Let F be a generic compact subset of Z and consider the following ring of 
integer-valued polynomials: 

R = IntQ(F, Z). 

For each p G P, let vr^ : Z —>■ Zp be the canonical projection. Then, for each / G IntQ(F, Z) 
and for each Op G vrp(F), p G P, we have /(op) G Zp. Consequently, / G IntQ(7rp(F), Zp). 
Therefore, 

F C Pi IntQ(7rp(F), Zp) = Int(Q(]^ '^piK), Z) = R 

p p p 

since F C np^p(£)- Finally, 

Int(Q(F,Z) = IntQ(Jj7rp(F),Z). 

p 

Since the projections vTp are closed maps, each 7rp(F) is a closed subset of Zp. Therefore, by 
Theorem 16.21 we have proved that ~ Ilp'^pC:^)) which is an element of F(Z). In 

other words, Wp^piEY) is precisely equal to the subset of Z of those a such that f(a) £ Z, 
for each / G IntQ(F, Z). Generalizing the terminology of section one could say that 
the polynomial closure of F C Z is the compact subset npVrp(F). 


Remark 6.4. Let F C Z be an infinite subset. We denote by E the topological closure 
of F in Z = HpeP ^P’ ^p topological closure of F in Zp, for each prime p and by F 
the direct product OpeP-^p — Remark 16.31 F is the polynomial closure of F in Z. 

It is easy to see that 

F C F 
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since the canonical embedding of E into Z is contained in OpeP ^ f^^t, strictly contained 

if Card(-E') 7 ^ 1) whose topological closure is Moreover, for each prime p, T^p{E) = 
’^piK) = Ep. In particular, 

Int(-E, Z) = IntQ(ii^,Z) = IntQ(^, Z) 

We know that locally, for a subset E C Z(p), the polynomial closure of E in Zp coincides 
with its topological closure in Zp iProDosition ld.lOl fc: Theorem 13.lip . The global situation 
can be different: as the next example shows, in general E can be strictly contained in 
By definition, an element a ^ E_ has the property that, for each finite set of primes 
{pi,... ,pfc} and finite set of non-negative integers {fci,..., there exist ai ^ E such 
that Oj = ap^ (mod for i = 1,..., s. In order for a to belong to E, there should exist 
a £ E which is a simultaneous solution of all the previous congruences. 

Example 6.5. Let E = Z \ {—7 -|- 8 • 9A: | A: £ Z}. It is easy to see that E is dense in Zp 
for each prime p, so the polynomial closure of E in Z is equal to Z. However, since there 
is no a £ E such that the following congruences are satisfied: 

a = 1 (mod 8 ), a = 2 (mod 9) 

it follows that E C E. 


Example 6.6. Let us consider the ring Int(Z). Since Int(Z) = pl^^pInt(Z(p)) , by (13.6p 
we have 

Int(Z) = Pi IntQ(Zp) = IntQ(Z, Z) = IntQ(Z) 

pGP 

Note the analogy of the previous equation with (|3.6I) . 

Corollary 6.7. For each p £ P, let R{p) he a polynomial overring 0 /IntQ(Z(p)). Then, 
there exists a polynomial overring R o/Int(Z) such that R(^p-j = R{p) for each p £ P. 

Proof. By Theorem 13.111 the choice, for each p £ P, of an overring R{p) of Int(Z(p)) 
corresponds to a closed subset Ep = Zp{R{p)) C Zp. Moreover, R{p) = Int(Q(Fp, Zp). Let 
F = OpGP Ep CZ and let 

R = IntQ(F, Z) = P R{p). 

pGP 

We claim that R is the desired polynomial overring of Int(Z). Since F(p) and R{p) are 
elements of the family TZp, by Theorem 13.111 it is sufficient to show that Zp{R(^p^) = Fp. 
Proposition 14.31 and (j5.2p allow us to conclude. □ 
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Remark 6.8. With our interpretation in terms of finite adeles, we may formulate Theo¬ 
rem in another way. Let ii be a polynomial overring of Int(Z). Let be a repre¬ 

sentation of R as an intersection of valuation overrings fProposition 15.ip . Theorem 14.61 savs 
that, for every q gV, Vq is superfluous if and only if there exists a G such that q{a) is 
not invertible in Af{Q) : the valuation domain Vq is surperfluous in all representations of 
R if and only if q{^fi) % 

To end our study we show now under which conditions a polynomial overring R of 
Int(Z) is of the simple form Int(Ll, Z) where E is a subset of Z. 

Corollary 6.9. A polynomial overring R o/Int(Z) is a ring of integer-valued polynomials 
on a subset ofTL if and only if, for each prime p, the subset E = r\p{Zp{R) nZ) is dense in 
Zp[R) for the p-adic topology. If this condition holds, then R = lnt(Ll,Z). 

Proof. Clearly, E = {a G Tj \ R{a) C Z} and, if ii is a ring of integer-valued polynomials 
on a subset of Z, the subset E is convenient. Moreover, the equality R = lnt(ill,Z) 
holds if and only if both rings have the same localizations at each prime p. For every 
p, lnt(Fl,Z)(p) = IntQ(£',Zp) and ii(p) = lntQ(Zp(ii), Zp) by Proposition 13.71 Thus, by 
Proposition 13.10] both localizations are equal if and only if E is dense in Zp{R). □ 

Example 6.10. For each p, let us consider the following closed subset of Zp : Fp = 
{p} U (Zp \ pZp). Let Z = rip Fp (fL and R = IntQ(Z)^)- Does there exist E C Z such 
that R = Int(£',Z)? Yes, R = Int(P, Z) since, for each p, the topological closure of P in Zp 
is Fp. Actually, the subset E suggested in Corollarv l6.9l is PU{±1}, namely the polynomial 
closure of P in Z (about lnt(P, Z) see [2]). 
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